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1 Introduction 

Gauge/gravity correspondence [1] is among the most profound advances that came out from 
research in string theory. It relates the strongly coupled regime of a gauge theory with the 
weakly coupled regime of a string theory and vice versa. This duality puts a novel per- 
spective in the study of strongly coupled gauge theories, beyond the ordinary perturbative 
analysis of a quantum field theory. In its original formulation the AdS/CFT correspon- 
dence relates M = A SYM in 1 + 3 dimensions to superstring theory on the background 
of AdSs X S^ space-time. In [2, 3] the correspondence was extended to Non-Commutative 
SYM (NCSYM) theories, by constructing a dual supergravity geometry related to D3- 
branes with Neveu-Schwarz (NS) B-field. 

A major limitation of the original formulation of the AdS/CFT correspondence and 
its extension to NCSYM theory is that the field content of the dual gauge theory has only 
adjoint degrees of freedom. An important generalization of the correspondence was the 
addition of flavor degrees of freedom [4] through the inclusion of probe D7-branes, that 
occupy the gauge theory directions and extend along the holographic. The probe limit of 
the D7-branes is valid when their number is much less than the number of the color D3- 
branes. In the dual gauge theory this corresponds to the quenched approximation when 
fundamental loops are suppressed. When the number of flavors becomes comparable to 
the number of colors, we can no longer ignore the back reaction of the flavor branes and a 
fully backreacted supergravity background is needed. 



Generally, it is very difficult to construct localized backreacted solutions, because of 
the breaking of rotational symmetry in the space transverse to the color branes. A way 
to circumvent this difficulty was developed in [5, 6] (see [7] for a review and [8] for some 
more recent references), where the broken global symmetries are restored, by smearing the 
flavor branes. The smearing has the effect of separating the flavor branes in the transverse 
space and making massive the string excitations connecting the different flavor branes. 
As a result the flavor symmetry of the dual gauge theory is C/(l) ■'' rather than U{Nf), 
which would be the case for a localized solution. Also a smeared unquenched supergravity 
solution is generally less supersymetric, than a localized one. However, because of the 
enhanced global symmetry, the smeared solutions are much simpler and in some cases (as 
in our paper) analytic. 

In this paper we construct the gravity dual of a non-commutative gauge theory coupled 
to Nf massless fundamental flavors. This corresponds to a Neveu-Schwarz (NS) B-field 
directed along the non-commutative directions and coupled to the fundamental degrees 
of freedom of the dual gauge theory. The presence of the NS B-field breaks the four 
dimensional Lorentz invariance, since it separates the non- commutative coordinates from 
the commuting ones. The background without flavors in [2, 3] is coming from the decoupling 
limit of the type IIB supergravity solution of [9-11], which in turn represents a stack of 
non-threshold D3 and Dl-brane bound states. Adding a large number of massless flavor 
D7-branes, homogeneously distributed over the internal space, will create a new type IIB 
supergravity solution with M = 1 supersymmetry. The construction we put forward with 
the current paper is complementary to the non-supersymmetric solutions presented in [12- 
14], where the gravity dual of the (finite temperature) SU{Nc) A/" = 4 SYM coupled to 
Nf massless/massive fundamental flavors in the presence of an external magnetic field was 
derived. 

An overview of the paper is as follows: In section 2 we present the ansatz, appropriate 
for the supergravity construction we previously discussed. After substituting this ansatz to 
the known supersymmetric transformations for the dilatino and gravitino, we obtain a BPS 
system of ordinary differential equations together with the killing spinor. The background 
is 1/8 supersymmetric. 

In section 3 we solve the BPS system analytically and obtain expressions for every 
function of the background in terms of the holographic coordinate. We analyze the solution 
both in the UV & IR regimes. In the UV there is a Landau pole and a curvature singularity. 
In the IR there is also a curvature singularity (since the massless flavors cannot decouple 
even in the deep IR), but its character permits for field theory conclusions. This singularity 
is an artifact of the smearing procedure and disappears if one give a small mass to the flavor 
branes. To determine the radius/energy relation we calculate the energy of an open string 
stretching radially between the Landau pole and the IR. To calculate the effective Yang- 
Mills coupling we follow the approach of [22] and consider a probe D3-brane at fixed radial 
distance and extended along the field theory directions. Comparing the corresponding DBI 
action to an effective BI of the non-commutative SYM theory we show that the effective 
YM coupling is independent on the parameter of non-commutativity and coincides with 
the expression in the ordinary case. We calculated the corresponding beta function and 



showed that it is positive at all energy scales, which is consistent with the presence of a 
Landau pole and the vanishing of the gauge coupling in deep IR. 

In appendix A we put all the details of the computation of the BPS system that appears 
in section 2, while in appendix B we list the second order differential equations, that the 
BPS system satisfies. 

2 Ansatz and the BPS equations 

The ansatz we will adopt for the metric (in the Einstein frame) is [12-16] 



dsfo = h 2 



,2 c8 772^^2 I o2 j„2 



dt^+dxi+b{dxi+dxi) +h^ b'S^FMa^+S'ds^cp^+P yd^+^CP^Y , (2-1 



where the CP^ metric is given by 

dS(jp2 = -dx + - cos —{d9 + sin 0d(p ) + - cos —sin — {dip + cos 9 dip) & 

1 Y 

Acp2 = - cos^ ^{dij + cosOdif) . (2.2) 

The range of the angles is < {x,d) < tt, < C/9, r < 2ir, < "0 < 47r. As usual the 
background is supplemented with a RR five-form 

F5 = K dt A dxi A dx2 A dxs Ada + Hodge dual , (2.3) 

while the presence of a RR one-form parametrizes the presence of a smeared D7-brane 
source in the system 

Fi = Qf{dT + Acp2). (2.4) 

The background has non-zero potentials B2 and C2 as well as non-zero RR 3-from: 

B2 = Hdx^ Adx^ , C2 = JdtAdx^, k F3 = dC2 + B2 A Fi . (2.5) 

The potentials B2 and C2 break the Lorentz symmetry along the field theory directions 
down to SO{l, 1) X 50(2). This is reflected by the presence of the function b in the metric 
(2.1). In the dual fleld theory this breaking is due to the non-commutativity of the (x2, X3) 
plane. All the functions of the ansatz, h,b,S,F,^,K, J kH, depend only on the radial 
coordinate. We choose the following frame for the metric (2.1) 

e^ = h{ay^dt, e^ = lh{a)'* S{(j)dx 

e^ = h{a)~4, dxi , e^ = ^ h{a) i S (a) cos ^ d9 

e^ = h{a)~i b{a)2 dx2 , ^'^ = 5 h{a)i S{a) cos | sin^d^ 

e^ = h{ayi b{a)2 dx^ , ^^ = 2 H'^)* ^i.^) cos | sin | [dtp + cos 9 dtp) 

e^ = h{a)H{a)S{aYF{a)da, e^ = h{a)l F{a) {dr + Acp2) . 

(2.6) 



It is also useful to express the various differential forms in terms of the frame 
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F^ 



H {a)h{a)i 2 s 4 



h{aYS{(jYF{a) 
j' h{(j)\ 



Fi 



Qf 



h{a)iF{a) 



b{a)S{a)^F{a) 



e°Ae^Ae^+ ^^5"y"^% ^Ae^Ae^ 



b{a)F{a) 



(2.7) 



The equation of motion for the five-form implies immediately that 



dF5 = => K{a) h{af b{a)~'^ = constant = Qc , 



(2i 



where the constant is obtained by imposing the Dirac quantization condition on the D3- 
brane charge. The constants Qc & Qf are proportional to the number of colors and flavors 



Nc 



QcVoljS^) 
{27ry 9s a'^ 



& Nf 



AQfVoljS^) 
2T^^gs 



(2.9) 



The five-form in frame components is 



Qc 



F{a)h{a)iS{aY 



e° A e^ A e^ A e^ A e^ - e^ A e*^ A e^ A e*^ A eP 



(2.10) 



After an analytic derivation, which is presented in full detail in appendix A, we come to 
the conclusion that the Killing spinor in the frame basis (2.1) can be written as 



e = /j-l e5 "^230-3 g-5 10-2^ g-|jo-2r 



(2.11) 



where ry is a constant spinor that satisfies the following set of projections 



«roi23'72r/ = iTiQa2r] = r] k iV r,^ (T2 -q = iTq-j (T2 rj = -r] , (2.12) 



while the angle a is defined through the following relation 



tana(cr) 



H{a)h{a 
b{a)e 



:*{a) 



(2.13) 



The analysis of the different components of the supersymmetric variations for the dilatino 
and gravitino, leads to the following BPS system of first-order differential equations 

dalogbia) = J'(cj)e5*('^)/i(a)5sina - Qj //(ct) e^ *(<") 5((t)^ /i(a)5 sina , (2.14) 

d^log h{a) = "^ J'(a)ei*('^)/i(a)isina - ^ Qf H{a) e^^^'■'''> S{a)^ h{a)hma 

- Qcb{a)h{ay^ cos a, (2.15) 

dalogH{a) = Qcb{a)h{a)~^ cos a + Qf H{a) e^^^''^ S{a)^ h{a)^ cot acos a , (2.16) 
1 



dMcr) 2 



d^ log b{a) + 2Qf e*('") b{a) S{a)'^ cos"^ a 



(2.17) 



d^J{a) = -Qc H{a) e~ *('") h{ay^ , (2.18) 

45,log5(a) = Ab{a) S{af F{a)^ - J'(cj) e^ *M /i(cj)i sina 

+ Q/-H'(cj)e5*('^)5(a)^/i(cj)isina, (2.19) 

45„logF(a) = 12b{a)S{a)^ - 8b{a) S{af F{af - 2Qf e'^^''H{a) S{a)'^ cos a 

- Qf H{a) e'^^^"^ S{a)^ h{a)'2 sin a - J'(a) e^ *('^) /i(a)i sina . (2.20) 

Taking the limit 6 ^ 1, i? ^ & J ^ to the BPS system (2.14)-(2.20), we obtain 
the equations for the backreacted AdSs x S^ background without the presence of non- 
commutativity (see [15] &: [16]). In the limit Nf — )• 0, we obtain the equations for the 
non-commutative deformation oi AdS^ x S^ (see [2], [3] & [17])^. 

Our next task is to count the number of supersymmetries preserved by the spinor 
defined in (2.11). This can be calculated by dividing the number 32 by two for each 
independent algebraic projection imposed on the constant spinor r]. Looking at (2.12) we 
have three independent projections, so our deformed background (non-commutativity & 
flavors) preserves four supersymmetries generated by the Killing spinor (2.11). 

Final test for the BPS system (2.14)-(2.20) is the full set of the ten-dimensional equa- 
tions of motion. This can be performed even before obtaining the actual solution for the 
BPS system. Counting on the analysis of [12], where the full system of equations of motion 
is obtained, we checked that the first-order BPS system together with the Bianchi identities 
implies the second order equations, namely Einstein, Maxwell &: dilaton. In the appendix 
B we list the full set of equations of motion for every function of the background, while the 
analytic derivation can be found in [12]. 

3 The solution of the BPS system 

We begin by defining the field U{a) as follows 

U{a)^t^n^a{a) = ^^J^. (3.1) 



^The supersymmetry of this background, in a different parametrization for the metric, appears in [18] 



The equation of motion for U{(t) can be easily obtained by combing the equations of motion 
for b{a), h{a), H{a) and ^(o"). Furthermore using (3.1) h{a) can be eliminated in favor 
of U . Finally we use (2.18) and (2.13) to eliminate J' {a) and a{a) from the equations of 
motion of the other field and in this way we obtain 

d„ log U{a) = Qc e"* r^ H^ U'^ (1 + U^/^ + Qfe^h S^ (1 + U)^''^ , (3.2) 

d^ log b{a) = -Qc e-* 6-1 H^ (1 + Uy^^^ - Q/ e* 6 5^ C/ (1 + U)~^/^ , (3.3) 

d^ log H{a) = Qc e-* b'^ H^ U'^ (1 + U)-^^^ + Qje^b S* (1 + U)-^/"^ , (3.4) 

2 a,$(a) = -Qc e-* b'^ H^ (1 + Uy^^^ + Qje^b S^ (2 + U){1 + Uy^/^ , (3.5) 

4 a,, log S(ct) = Q, e-* 6-1 i^^ (1 + ^)-i/2 ^ Q^ g-J- 5 ^4 f^ (^ ^ ^)-i/2 ^ 4 ^ ^2 ^2 ^ ^gg^ 

4 d^ log F((j) = Qc e-* 6-1 i^^ (;l + [7)-i/2 _ Q^ e* 6 S^ (2 + C/) (1 + Uy^/^ 

+ 46 (3S^ - 2F^S^) . (3.7) 

Next we compare (3.2) and (3.3) as well as (3.2) and (3.4). It is easy to see that 
b'{a) U'{a) H'{a) U'{a) 



b{a) 1 + Uia)' H{a) U{a){l + U{a)) ' 

We can solve both equations in (3.8) for 6 and H in terms of U{(t) 



iS.i 



b{a) = -^^ , H{a) = ^^^ , (3.9) 

where Cb and ch are constants of integration to be determined later. The next step is to 
introduce a new radial variable p and new fields defined as 

"^p -bs' = :^y, , wip)- ^^'^' 



da 1 + U{p) ' ''" 1 + U{p) 



2 



yip) = ^^^ & Z(p) = e*(^)[l + C/(p)]i/2. (3.10) 



S{P? 

Using (3.8) and after a bit of algebra we can obtain the following equations of motion for 
U{a), W{a), V{a) and Z{a) 

dp\ogU{p) = QccjjU{clWZy^ + QfZ , (3.11) 

dplogWip) = 4V , (3.12) 

dplogV{p) = 6{l-V)-QfZ , (3.13) 

dplogZ{p) = QfZ . (3.14) 

One can see that the equation of motion for Z{a) decouples and can be easily integrated 

Z{p) = ^ with e* = QfZ^ , (3.15) 

1 + e* (/)* - p) 



where p* is a radial scale and the constant of integration has been fixed so that Z{p^) = Z*. 
We have also introduced the parameter e* in complete analogy with the parameter Qf e** 
from the ordinary case [16]. Note that Z is related to the dilaton and has a pole at 

Plp = h /?* . (3.16) 

e* 

If the dilaton diverges at pip (this is when ^Jl + lJ{p) diverges slower than Z{p) as p — )• 
Plp), we can think of plp as the energy scale corresponding to the Landau pole of the 
theory. Such a behavior is expected due to the positive contribution of the flavor degrees 
of freedom to the beta function of the theory. 
In order to disentangle the rest of the equations, we combine (3.12), (3.13) and (3.14) 

dp\og{ZVW^/^) = 6 , (3.17) 

and solve (3.17) for V in terms of Z and W 

V{p) = cv W{p)~^/^ Z{p)-^ e^P . (3.18) 

Substituting (3.18) into the equation of motion for W (3.12) and using (3.15), we obtain a 
first order differential equation for W which we can solve 



W{p) = a' e 



'2p4p 



1 + e* ( R + '°* 



2/3 

(3.19) 



where we have fixed the constant of integration in complete analogy to the ordinary case 
[15]. The corresponding solution for V(^p) is 

y(p)^ ; + ;-<^--''> (3.20) 

1 + e* (q + P* - Pj 

Our next step is to substitute the solutions for Z^V and W from equations (3.15), (3.19) 
and (3.20) into the equation of motion for U (3.11). The resulting differential equation for 
C/is 

a'^ c^ Z* 1 + e* (g + p* - p) 1 + u{p^ - p) 

which can be easily solved to give 

o2/3 „2 §+4pip 7 1 1 

f/(p) = «'2 ^ ^^^' ^* \ \ , (3.22) 

c\QceT PLP - P cv + e3^-r(i,-| - 4pip + 4p, O) 

where p^p is the scale of the Landau pole defined in (3.16), cu is a real constant of inte- 
gration and r(a, zi, Z2) = T{a, zi) — T{a, Z2) is the generalized incomplete gamma function. 
The last piece in the puzzle is to combine (3.19), (3.20) &: (3.22) together with (3.10) to 



obtain expressions for the h,^,F &: S as functions of p 



hip) 



Zip) 



clUip)y/l + Uip)' 

Sip) = ^/^ (1 + Uip))^/^ e" 



Mp) 



1 + e* 



•<^* 



I + e^ (p* - p) y/l + Uip) ' 

1/6 



+ P* 



P 



Fip) = V^ (1 + C/(p))^/^ eP \l + e. (p. - p) 



1/2 



1 + e. 



P* 



P 



(3.23) 



-1/3 



The way to determine the integration constant cjj is through the study of the poles 
of the function Uip) (and consequently of the dilaton, through (3.10)). Demanding the 
denominator of the last fraction of (3.22) to vanish at p = plp, the function Uip) has a 
second order pole at this point. As we can see from (3.23), in this way the dilaton does 
not have a pole at p = pip- However the curvature invariants, in the string frame, diverge 
when p — )• Plp and this is a sign that the supergravity approximation is not to be trusted 
in the UV. For example the Ricci scalar is i? ~ iPLP — p)~^ ■ Demanding the denominator 
of (3.22) to vanish at p = pi with pi / Plp, the function Uip) has two single poles at 
P = Plp and p = pi. Now there are two possibilities, either pi < p^p or pi > p^p- 

If pi < Plp, the background terminates at p = pi and there is a curvature singularity 
there. This case is unphysical since the singularity does not correspond to a Landau pole 
(the dilaton remains finite at p = pi). 

If pi > Plp, the geometry terminates at p = pLP and only the first pole of Uip) 
is realized. One can check that the dilaton has a singularity at p = pLP imilder with 
respect to the ordinary case exp[<I>] ~ ipip — p)~^ ), while the Ricci scalar diverges as 
R ~ ipLP — p)~^ ■ The singularity at p = pLP is interpreted as a Landau pole (the dilaton 
diverges), thus the physically meaningful case is for pLP < pi- 

The analysis above indicates that in order to have physically relevant solutions, the 
constant cu is restricted to 

^1 2 



cu > Cu 



-eh'T 



-,o 



-3.1555, 



(3.24) 



where c^ correspond to the case when pi = plp- We fix the constant cu to be zero, which 
is consistent with the range given in (3.24). 

In the IR limit of the geometry (p — t- — oo) the solution is independent from the effect 
of non-commutativity, while the effect of flavors in the Einstein frame is coming through 
subleading corrections to the leading term. The behavior of the solution when a large 
number of massless flavors backreact on the geometry is known from the analysis of [15], 
while from [2] and [3] it is also known that the presence of a background B-field changes 
the dynamics of the closed strings only far away from the horizon. The geometry near the 
horizon in the Einstein frame is described by the usual AdS^ x S^ solution with a constant 
curvature. In fact one can obtain 

& RtR'"'^''^^ (3.25) 



/?^~0 



Qc 



for the p — )• — oo limit of the curvature invariants in the Einstein frame. However, the 
dynamics is not that of the IR hmit of the usual AdSs x S^ background with constant 
dilaton, because e*'^' — t- in the p — t- — oo limit. This discrepancy is expected since our 
backreacted geometry corresponds to the introduction of massless flavors to the dual gauge 
theory and there is no reason to expect the flavors to decouple in the IR limit. In fact in [15] 
it was shown that the background has a curvature singularity in the string frame. Indeed, 
calculations of the Ricci scalar and the square of the Ricci tensor reveal the singularity in 
the IR of the theory 

This phenomenon is solely due to the presence of the backreacted massless flavors in the 
geometry, since the non-commutativity does not affect the IR properties of the theory. 
According to the criterion that was put forward in [19] (see also [20]) an IR singularity is 
physically acceptable, if the metric component gu is bounded near the problematic point. 
Since this is the case for our solution this is a good singularity and that means that we can 
extract gauge theory physics from these supergravity backgrounds. 

In fact this singularity can be regulated by assigning a small bare mass to the back- 
reacted flavor branes. To this end we have to construct the geometry dual to NCSYM 
with massive flavors. While we leave this study for another project, we can still deduce a 
qualitative description from the study of massive backreacted flavor branes in the ordinary 
case preformed in [21]. Indeed, in the IR limit the NCSYM reduces to an ordinary SYM, 
therefore if the mass of the flavors is sufficiently small the corresponding backreacted ge- 
ometry should approach the solution of [21]. In this paper the authors showed that the 
effect of the finite massive flavors is to produce a spherical cavity of radius proportional 
to the mass of the flavors, while inside the geometry is given by the unflavored solution 
(AdSs X S^ with constant dilaton in our case). The dilaton freezes at the cavity and re- 
mains constant inside, thus we avoid the curvature singularity in the string frame. The 
physical interpretation is that the massive flavors decouple in the IR. 

3.1 Limits of the geometry 

So far we have fixed some of the integration constants of our solution, either by analogy 
to the ordinary case of [15] and [16] or by extracting information from the UV asymptotic. 
Let us know explore how our solution reproduces the unflavored solution in the limit of 
vanishing flavors Nf — )• 0. Focusing on the expressions for the NS two- form, the function 
b and the dilaton we take the limit Nf — )• in equations (3.9) and (3.23) 

H '^Ji h - e*^ - ^'^* fS 271 



where ef = gg e* is the dilaton in the string frame. The non-commutative expressions 
for the NS two-form, the function h and the dilaton coming from previous studies in the 



literature (see e.g. [17] and [13]) are^ 

where is the non-comniutativity parameter. Identifying (3.27) and (3.28), with the 
proper change of coordinates, we are able to relate the constant ch to @ 

r -^ q'1/2 gP ^ ^ ^ C6 ^ 1 , Z, ^ 1 . (3.29) 



Note that at finite number of flavors the constants Cb and Z^, may be different from one. 
In the next subsection we will fix Cf, = 1, however the constant Z^, will remain as a free pa- 
rameter representing the fact that in the flavoured theory the gauge coupling (the dilaton) 
runs even in the IR limit. 

Using the last relation in equation (3.29) we see that the commutative limit — )• 
corresponds to taking the limit ch — >• oo. Indeed, in this limit our solution, (3.9) and (3.23) 
reduces to the supergravity background dual to AA = 1 SYM with backreacted massless 
flavors appearing in [15] and [16]. 

3.2 Choice of radial coordinate 

Inspired from the limit of vanishing flavors considered above we make a choice of radial 
coordinate r in which the metric (in the string frame) along the filed theory directions t, x 
has the same form as in the unflavored case. This will help us to obtain an expression 
for the parameter of non-commutativity at finite number of flavors. Comparing equations 
(3.9) and (3.28) we make the natural definitions 

uip) = eV(p)^ , Cb = 1 , e = -^ . (3.30) 



Note that the last expression is the same as in (3.29). Equations (3.22) and (3.30) imply 
the following definition of radial coordinate r{p) 

r{p) = ^"^' Z}/' j^, iPLP - Pr'^' (ei^-r (i,-^ - Ap,p + 4p, o))"'^' , 

(3.31) 
where we have fixed cu = and pip is defined in equation (3.16). One can check that in 
the limit of vanishing number of flavors e^, — )• one recovers the expression r — )• a'^' ■^ e'' 
from equation (3.29). Let us check that the definitions (3.30), (3.31) render the metric 
along the field theory direction in the same form as in the unflavored case. Transforming 
the metric into the string frame and using equations (3.23) and (3.30) we obtain 

- Ggo = Gl, = CH U{p)'/' = ^ , Gi2 = GU = b{p) Gl, = Y^^, . (3.32) 



^Note that we use a plus sign convention for the _B-field, unUke the one used in [17]. 
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which are the same as in the unflavored case (we use the conventions of ref. [17] ). Fur- 
thermore, the dilaton is given by 

e*. = 9^^- 1 = e*o(^) , ^ , (3.33) 

where e*° is the expression for the dilaton from the ordinary case (G = 0). Just hke in 
the unflavored case the effect of the non-commutativity is to "dress" the dilaton by the 
factor l/Vl + Q^r^- The difference is that in the unflavored case e^° is constant, while 
the flavored theory is not conformal and e*" runs. 

3.3 Radius/energy relation 

The fact that the metric along the field theory directions has the same form as in the 
unflavored case may tempt us to associate the radial variable r (defined in (3.31)) with the 
energy scale of the theory. However, in the unflavored case the metric has an AdS throat 
and rescaling of the {xo,xi) plane can be compensated by rescaling of the radial coordi- 
nate, which leads to the radius/energy relation. This is not the case for our backreacted 
supergravity background. An alternative route could be studying the space- like geodesies 
near the boundary, however our geometry has a curvature singularity at ptp, we cannot 
trust our solution beyond this point and a UV boundary cannot be deflned. Nevertheless 
we could still define r to be proportional to the energy scale, after all this choice is scheme 
dependent. However, such a choice would assign an infinite energy scale to the Landau pole 
{t~{plp) = oo), while one can check that the proper distance between a point in the bulk 
of the geometry and the Landau pole is finite. In fact we can estimate the energy scale of 
the Landau pole by calculating the energy of an open string stretched radially between the 
Landau pole (/> = plp) and the IR (p = — oo). Using the Nambu-Goto action we obtain 

PLP PLP 

'^- = 27^ / "" \/-°"GJ, = ^ / iP^'" m . (3.34) 

— OO — OO 

Using equations (3.23) we obtain 

Klp = \,, ^^^' eP^P ~ eP^P . (3.35) 

Observing that Kip ~ eP^^ we assign to the radial variable p an energy scale p, ~ eP. The 
same choice of energy scale was used in ref. [15]. The precise radius/energy relation is 

P = PLP + log -r . (3.36) 

Alp 

Using equation (3.36) we can calculate the running of the Yang-Mills coupling and the 
corresponding beta function. 



11 



3.4 Effective YM coupling and Beta function 

In this subsection we study the effective Yang- Mills coupling Qym ^^ ^^^ dual non-commutative 
field theory. In order to relate the coupling constant to the supergravity parameters we 
use the approach of [22] In section 2 of the same paper, the authors adopt a point-splitting 
regularization to show that the opens string sector of a string theory with closed string 
parameters g and B in terms of non-commutative YM theory with parameter of non- 
commutativity is given by^ 

e"=-i2.a')[^B^)" . (3.37) 

To bosonic part of the action of the non-commutative YM can be written as [22] 

/ VdetG G''' G"' J Tr Fij * Fij , (3.38) 



(2^)P-2 Gs 

where * is the Moyal product with 9 given in (3.37). Gg is the effective string coupling, 

Fij = diAj - djAi - iAi * Aj + iAj * Ai (3.39) 

is the non-commutative field strength and G is the open string metric corresponding to g 
and B defined by 

G'' = (^ 9 ^) '' , G,, = g., -{Bg-' B\, . (3.40) 

For slowly varying fields the non-commutative action can be described by BI action 



C{F) = i —^ Jdei{G + 2-Ka'F) , (3.41) 

G,(M)(27r)P(a')V ^ 

where we took the effective string coupling Gs{fJ.) dependent on the energy scale fi and 
following [22] considered the case of abelian gauge field, to simplify the derivation of the 
effective YM coupling. To take into account the running of the coupling we compare the 
effective action (3.41) with the DBI action of a probe Dp-brane at fixed radial distance 
r(/i) = r{p{n)). Given that we have 1 + 3 dimensional field theory we consider probe 
D3-brane extended along the field theory directions. It is easy to show that such a brane 
can be stabilized at any constant r. The corresponding DBI action is 

C{F) = ^^^^ e-*»(^'(^)) ^det{g + B + 27Ta'F) , (3.42) 

where the dilaton is given by equation (3.33) and we take g to be the induced metric on 
the worldvolume of the D3-brane. Given that the D3-brane is stable one can take the 
induced metric in the static gauge, when it is given by the components of the lOD metric 
(in the string frame) along the field theory direction. The components of g are then given 



^Note that in our conventions the B-field of [22] is transformed to B — >■ B/{2-Ka'). 
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by equation (3.32). Following [22] we compare the actions (3.41) and (3.42) at F = and 
F = 0. Setting p = 3 in (3.41) for the effective string coupling we obtain 

GM = e*.""" C-^^f^) "' = e'-C") = ,^^*^ -^Arr^. (3.43) 



/ 


log 


Alp 



V detff J Qf log^ 

where we have used equations (3.15), (3.16), (3.32), (3.33) and (3.36). Note that the 
effective string coupling constant does not depend on the parameter of non-commutativity. 
The effective YM coupling can be calculated by obtaining the coefficient in front of the 
term ^ G** G^^ Fij * Fij in the small F expansion of (3.41). Our final expression for the 
effective YM coupling is 

9ym = -^ ^-x^ , (3.44) 

jyj log^ 

which is independent of and is the same as in the commutative limit. 
It is an easy exercise to calculate the corresponding beta function 

'"" a(log^) Nf (iog^)2 

which is positive at all energy scales consistent with the presence of a UV Landau pole and 
the vanishing of the YM coupling in the deep JR. 

4 Discussion 

In this paper we constructed a supergravity background dual to A/" = 1 Non-Commutative 
Super Yang Mills theory with massless smeared flavors. Our solution generalizes the su- 
pergravity background dual to the ordinary flavored M = 1 SYM obtained in [16]. Close to 
the origin our background reduces to the background of [16], reflecting that in the IR limit 
the Non-Commutative SYM theory reduces to an ordinary SYM. At large radial distance 
the dilaton diverges signaling the presence of a UV Landau pole in the dual gauge theory. 

Using the approach of [22] we considered a probe D3-brane at fixed radial distance 
and extended along the field theory directions. Comparing the corresponding DBI action 
to an effective BI action for the non-commutative SYM theory, we calculated the effective 
YM coupling Qym- ^^^ results show that the effective coupling does not depend on the 
parameter of non-commutativity and coincides with the expression in the ordinary case. We 
calculated the corresponding beta function showing that it is positive, which is consistent 
with the existence of UV Landau pole and the fact that in the IR the gauge coupling 
vanishes. 

As mentioned above the near horizon region of our background is the same as in the 
ordinary case studied in [16]. In the Einstein frame the near horizon region is AdSs x S^, 
however the dilaton is not constant and e*^ — t- near the origin. This leads to a curvature 
singularity in the string frame, which is an artifact of the smearing of the flavor branes 
and can be removed by giving a small mass to the flavors. Indeed, in [16] and [21] it was 
shown that the finite mass of the flavors is reflected in the dual supergravity background 
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to the presence of a spherical cavity with radius proportional to the mass of the flavors. 
Inside the cavity the solution is given by the vacuum solution (without flavors). The 
vacuum solution has a constant dilaton in IR and no curvature singularities in the string 
frame. Although the case of massive flavors is one of our directions for future studies, 
our preliminary results [23] show that in analogy to the ordinary case of [16] and [21], the 
geometry develops a spherical cavity of radius proportional to the mass of the flavors, but 
with a vacuum solution given by the Maldacena-Russo supergravity background [2, 3] dual 
to pure NCSYM. 

Let us close our discussion by outlining some directions for future studies. One of the 
obvious directions, which is already in progress, is the construction of the supergravity 
background dual to NCSYM with massive flavors. As discussed above, in the massive 
case the dilaton remains constant inside the cavity suggesting that the coupling constant 
doesn't vanish in the IR, which makes the theory phenomenologically more relevant. It 
would be interesting to study the behavior of the beta function of the theory with massive 
flavors. Another possible direction is the study of the meson spectrum of the theory by 
introducing probe D7-branes. It would be interesting to compare with the meson spectrum 
in the quenched approximation, performed in [17]. 
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A Analysis of the BPS equations 

In this section we will present the analytic derivation of the system of BPS equations that 
appears in (2.14)-(2.20). The supersymmetric transformations of the dilatino A and the 
gravitino tpf^ in type IIB supergravity (in the Einstein frame) [15], that we will use for our 
analysis are the following 



5A = -T^' 



dMd^-e't'Filh 



_± i (3) 






e, 



1 j'^-pMAfP 

4 3! 

+ i^^^ifVr^^^^^(-2)rMe , (A.i) 

where F^^are the ten-dimensional Dirac matrices, ai i = 1,2,3 are the Pauli matrices and 
e is a complex Weyl spinor of fixed ten-dimensional chirality. 
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We start the analysis with the dilatino variation in (A.l). We can derive a differential 
equation for the dilaton using the expressions for the differential forms in (2.7) and (2.10), 
while demanding the dilatino variation to vanish 

$'(c7)e - Q/e*('^) 6(a) 5(a)^r49 (ids) e - - e^^'^^''^ h{a)^/^ b{a)-^ H'{a)T^^a3e 
_1 el *W/i(a)i/2 j'(^) roi aie-^Qfe"^ *('^) Ha)'/^ S{afH{a) T^'^^^^e = .(A.2) 

Next, we analyze the gravitino variation (A.l) along the directions t, xi,X2,a;3 & a. The 
components of the spin connection essential for this analysis are 

r 1 . (^-3) 

uj^^ = u^i^ = 1 2h{a)b'ia) - b{<j)h'{a) h{ay^'H{<j)-^ F{a)-^ S{a)-^ . 

Putting all the ingredients in (A.l), we arrive to the following set of differential equations 

• Along the directions M = 0, 1: 

h'{a)e - ^ e-^*('^)if'(a)/i(cj)3/2 6(a)-ir23a3e - Qch{a)T^^^^{ia2) e 

^ (A.4) 

_ ^ el *M h{afl^ J' {a) T^' a^e+\e^ ''^'^^Qf H{a) h{af'^ S{aY T^^^s ^^ ^ = 

• Along the directions M = 2, 3: 

'h'{a) - 2h{a)d^\ogb{a)\^ e + ^ e5*M /(a) /i(a)3/2 r°i ai e - Q^b{a)T'^^'^'^{ia2)e 

_ ^-e^'^i-'^ Qf H{a)h{af'^ S{afT^^*^ aie + ^e-'^^^'''^ H'{a)h{af'^ h{cj)-^T^^ a^e = 

(A.5) 

• Along the direction M = 4: 

d^t - — e-5*(-)F'((T)/i(a)^/2 6(a)-ir23aie + ^ Q ,b{a) h{a)-^ T^^^^ {ia2) e 
16 8 

+ Iei*('^)/(a)/i(a)i/2r0^ai6 - - e^'^^^^Qf H{a)h{af'^ S{afT^^^^ aie = 
16 16 

(A.6) 

Note that we have assumed that the spinor e is independent of the coordinates t, xi, X2, X3. 
The projections we will impose in order to obtain the BPS equations for the different 
functions of the background are 

i roi23 (72 e = i r49 as e = e" "^^^ ^^^ e . (A.7) 

Combining (A.4) and (A.5) we have 

9^1og6(a)e - e" ^*M F'(a) /i(a)i/2 5(^)-i ^23^^^ 

(A.8) 
+ ei*('^)Q///(a)/i(a)i/2 5(a)4r2349^^e - e^^'^''^ J'{a)h{af/^T''^ aie = 0. 
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Imposing (A. 7) to the previous equation and collecting terms proportional to 1 and to T^^, 
we obtain (2.14) and the following equation respectively 

H'{a) - e*^'") Qf b{a) H{a) 5(a)^ cos a{a) + e*^'") J' (a) h{a) cos a((j) = . (A.9) 

Combining (A. 2), (A. 8), and (A. 7) and collecting terms proportional to T^^ and 1, we ob- 
tain (2.13) and (2.17) respectively. Another set of equations can be derived by imposing the 
projections to (A. 4). Terms proportional to 1 will give us (2.15) while terms proportional 
to r^^ will give us the following equation 

H'{a) - e^^'''^Qfh{a)H{a)S{af cosa(a) 

(A.IO) 
+ 2Q,ei*(")6(a)2/i(a)-3/2 sina((T) + 3e*(") J'(a) 6(a) cosa(cj) = 0. 

Subtracting (A.IO) from (A.9) and using (2.13) we end up with (2.18) and (2.16). Inserting 
all the ingredients in the gravitino equation along the radial direction and collecting terms 
proportional to the identity matrix, we arrive at 

d^e + ^d„\ogh{a)e = with e = e^^^^^^^e. (A.ll) 

8 

We can integrate the above equation to obtain an expression for the spinor e 

e = h{a)-^/^e, (A.12) 

where e does not depend on the coordinates t, xi, X2, X3, a. 

Next, we consider the gravitino equation along the flat directions M = 5,6,7, 8 & 9 and 

there some extra projections we need to impose 

r^Se = r67e = -r^^e. (A.13) 

• Along the direction Af = 5: 

d^\og[h{a) S{cjf] e - Ah{a)F{(jfS{afT^^^'^e - Qcb{a) h{a)-Ua2r^^^^ e 

- I el *('^) J' {a) Kaf/^ T^^ a,e-\Qjel *M h{af/' H{a) S{a)' V'^'^ a, e (a.14) 

+ le-^*M//'(a)McT)'/'6(^)-'r23a3e = 0. 

To obtain the above result we have considered that the spinor does not depend on the 
coordinate x^ while we have also used the following components of the spin connection 

^5^5 = --dAog[Ka)S{af] b{a)-^F{a)-^h{a)-^I^S{a)-\ 

4 (A.15) 

W589 = -F{(T)h{a)-^'^S{(j)-^. 
Combining (A.7), (A.13), (A.4) k (A.14) we obtain (2.19). 
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• Along the direction M = 6: 

d^ log [h{a)S{a)^] e - 4b{a) F{af S{afT^^^\ - Qcb{a) h{a)~Ua2r^^^^ e 

_ 1 ei *('^) J' (a) h{af'^ T^^ a.e-^Qje"^ *M h{a)'/' H{a) S{a)^ F^^^a a, e 

(A.16) 
+ i e-i *('^) H'{a) hiaf''^ b{a)-^ T^^ a^e - 16 b{a) F{a) S{af cos^^ | T^^ de e 

- 4b{a)F{a)S[of tan | T^^ [F^^ - V^^\ e = 0. 
For the above result, the following components of the spin connection are needed 

^i^ = -]d. log [h{a)S{a)''] b{ar' F{a)-' hia)-'/^ S{a)-\ 

4 (A.17) 

a;g56 ^ _^^78 ^ h{ay^/^ S{a)-^ tan|, & uj^ = F{a) h{a)-^/'^ S{a)-'^ . 

Combining (A. 13), (A. 14) &: (A.16) we conclude that the spinor does not depend on the 
coordinate 6, i.e dg e = 0. 

• Along the direction M = 7: 

The relevant spin connection components are the following 

007'' = -\d^log[h{a)S{a)^] b{a)-'F{a)-'h{a)-'/^S{ar\ 

uf = a;/8 = h{ar^/^ S{a)-^ tan | , (A.18) 

u;f = - 2h{a)-^l^ S{a)-^ cot 6 cos~i ^ , & ^7^9 ^ ^(^) h{a)-^/^ S(a)-2 . 

Combining (A. 14) & (A.16) and assuming that the spinor is independent of the coordinate 
(/>, i.e d(f,e = 0, we arrive to the following differential equation 

d^~e+]^ia2~e = Q ^ e = e-'^'"''^ e^ . (A.19) 

• Along the direction M = 8: 

The relevant spin connection components are the following 

1 
4 



a;«48 = -\d^log[h{a)S{cjf] b{a)-^ F{a)-^ h{a)-^'^ S{a)-\ 



UJ. 



f = - 2 S{a)-^ h{a)-^'^ cot x , (A.20) 



a;g59 = F(cj)/i(^)-i/^5(a)-2, & c^g''^ = h{a)-^/^ S{(j)-^ tan | . 
Combining (A. 14), (A.16) & (A.19), we arrive to the following differential equation 

dreo + \icJ2eo = ^ => eo = e-^^'^^^r] , (A.21) 
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where 77 is a constant spinor. 
• Along the direction M = 9: 

d^ log [h{a)F{a)^] e + - e-^'^^''^ H'{a) h{a)^/H{a)-^T^^ a^e 



*W 



(A.22) 



- Qcb{a)h{a)-'ia2T'"''\ + 2Q/ e*^"^ 6(a) 5(a)^r*y(i(j2) e 

_ 1 el *W J' (a) h{afl^ T^^ a^e + A b{a) F{af S{af T^^ [r^^ + T^'] e 

+ ^Q/e5*W/i((j)i/2/7(a)S(^)4r2349^^g + 8 6(cT)5(a)^r49 5,e = 0. 
For the above result, the following components of the spin connection are needed 

a;/9 = -^d.log[h{a)F{a)^] b{a)-^ F{a)-^ h{a)-^'^ S{ar\ 

4 (A.23) 



Wg 



58 _ , , 67 



u^'^ = F{a)h{ar^/^S{ay 



Combining (A.7), (A.13), (A.21), (A.4) & (A.22) we obtain (2.20). 



B Equations of motion 

The equations of motion for every function that appears in the background is 

AQfH^hS^F^ 



dilogb{a) 



/3i 



Q} e"^ H^ h S^ ^3 ^ 



(B.l) 



fi2^ u( \ /^2 ^ 2Qf H hS F 1 ^2 $ ij2 i, c8 « 

d„ log h{a) = -Q^— '- — 2 ^^ ^ ^ -5 /33 



(1 - /32) 






da 






e* Q2 HhS^ - QcJ' + 



, ^ AQfHhS^F^ 



0>i^) = ^ (1 + /3?) 



■Q2,2.,2^s^LQ/^^e*^^i^^ 



/3i 



_ 1 e-*/iF'2/32 
" 2 P ' 

a2log5(a) = -2b^F^S^ + 6b^F^S^ 

QfeH^F^S^ , 1^2„$z.2.e8 



/3i 



+ -Qje^H'hS^p^. 



1 



a2logF(a) = 4 62^^5^ - ^ (1 + /??) Q2g2*^2^8 

QfH^hS^F^ le-^hH'^f32 
^ Pi ^ 4 P ' 



(B.2) 
(B.3) 



(B.4) 



(B.5) 



(B.6) 
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where we have defined the following (auxiliary) diniensionless expressions 



p-<J> 172 h p2$ T/2 u2 -2$ TT/2 o 
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